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Memory and state

Mathieu Roget

Classical memory :

000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
0 0 0 0 1 0 0 0
Quantum memory :

000 | 001 | 010 | O11 | 100 | 101 | 110 | 111
2) Z1 zZ zZ3 Z4 Z5 Zg zZ7
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Memory and state

Classical memory :

000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
0 0 0 1 0 0 0
Quantum memory :
|000) | [001) | [010) | |011) | [100) | |101) | |110) | |111)
2y Z1 V) Z3 V4 Z5 Zg Vird

|@): Vector of the canonical basis.
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Operations

Unitary operation

U

IEN I R PR
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Quantum computing : rules

We assume the memory has n qubits

Rule 1 : A state z is a complex vector of norm 1 :
22’20‘21‘22‘23‘24‘25 ‘ ...‘ZQn,l ‘ECQn

Rule 2 :  An valid operation is a linear operator U such that U' = U~! (noted
unitary operator).

Rule 3 : At any time, you can transform a quantum state into a classical one by

measuring. The classical state X of the quantum state z after measuring is
random. P(X = i) = |z]|?.
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Example on the cycle with real numbers

Where is left ?
4 @: Clockwise.

@: Counter-clockwise.
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Example on the cycle with real numbers

= .

-1 -0.5 0.5

A

Ny o

Hadamard coin toss:

n: @O - @
2 © - @
(3): O — O
(4): O — 9
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Example on the cycle with real numbers
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Scheme

Initial state Repeat T times

—>{ Coin toss H Shift ‘ i
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Outline

Scheme

Repeat T times ! Measure
1

—’{ Coin toss H Shift }—‘—> /7Q

Initial state
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Outline

Scheme

Repeat T times ! Measure
1

gj} i—{Coin tossHShift}—‘—>/7l—>X€{0,l,...}

Initial state
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QOutline

Scheme
Initial state :"'Rébéa't"T'EiFn'e_s"""""_: Measure
————{ Coin toss | IShiftI : /7L—>X€{0,1,...}
QOutcome

The outcome is the position X measured after T steps.
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QOutline

Scheme
Initial state :"'Rébéa't"T'EiFn'e_s"""""_: Measure
————{ Coin toss | IShiftI : /7L—>X€{0,1,...}
QOutcome

The outcome is the position X measured after T steps.

Remark

In practice, we can only measure the position once. However, for the sake of studying this
model, we consider the probability p:(i) of measuring position i at step t.
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DTQW on a grid
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DTQW on a grid

Initial state

Horizontal Horizontal
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coin toss shift
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DTQW on a grid

Initial state

Horizontal Horizontal Vertical
. 1 . = .
coin toss shift coin toss
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DTQW on a grid

Initial state

Horizontal
coin toss

Horizontal
shift

Vertical
coin toss

Vertical
shift
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DTQW on a grid

Initial state

Horizontal Horizontal Vertical Vertical
coin toss shift coin toss shift
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DTQW on a grid

Initial state

Mathieu Roget

Repeat T times
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DTQW on a grid

. [ :
Initial state | Repeat T times |
!
|
| Horizontal Horizontal Vertical Vertical !
) — . — . 1 . 1 . T
! coin toss shift coin toss shift |
!
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DTQW on a grid

Initial state : Repeat T times : Measure
|
|
i | Horizontal Horizontal Vertical Vertical | (X,Y)
D — . i . I . — . T /7&
! coin toss shift coin toss shift |
|
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Applications

Di Molfetta, Brachet, Debbasch, 2013, PRA Magniez, Nayak, Roland, Santha, 2010, ACM
Arrighi, Facchini, Forets, 2016, QIP MR, Guillet, Arrighi, Di Molfetta, 2020, PRL

Variations of the model

® The coin toss operator can be different.
® The topology can be different.

® The coin space can be different.

Mathieu Roget Quantum walk search: from grids to networks 12 /38



Searching discrete time quantum walk on grids
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Searching

We want to find a marked position (xm, ym) over a cyclic grid with high probability.
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Searching

We want to find a marked position (xm, ym) over a cyclic grid with high probability.
Classical oracle:

— 1
— 0.

. (Xmaym)
F: {<x,y> 2 (X Yim)
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Searching

We want to find a marked position (Xm, ym) over a cyclic grid with high probability.

Classical oracle:

) (Xm, Ym) — 1
f'{<x,y>#<xm,ym> - 0.

+ _ +
(ZX"”Y"') — ( 0 1) (ZX’"’Y'"> (marked)
ZXm»Ym -1 0 ZXmJ’m

Quantum oracle:
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Searching

We want to find a marked position (Xm, ym) over a cyclic grid with high probability.

Classical oracle:

) (Xm, Ym) — 1
f'{<x,y>#<xm,ym> - 0.

+ _ +
(ZX"”Y"') — ( 0 1) (ZX’"’Y'"> (marked)
ZXm»Ym -1 0 ZXmJ’m
+ +
<Z’ﬁy> — (Z’ﬁy> (non-marked).
“xy “xy
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Searching

We want to find a marked position (xm, ym) over a cyclic grid with high probability.

Classical oracle:
£ { (Xma}’m) =1
(X).y) 7& (me}/m> = 0

Quantum oracle:

p

D (marked)
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Searching

We want to find a marked position (xm, ym) over a cyclic grid with high probability.

f. { (Xm» Yim)

— 1
(x,y) # (Xm, Ym) + 0.

Classical oracle:

Quantum oracle:

D 0 — O (marked)
D D (non-marked)

Mathieu Roget Quantum walk search: from grids to networks 15 / 38




Searching scheme
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Searching scheme
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Searching scheme

Diagonal state

— | Oracle

DEICEN

@ _ ® (non-marked)

R
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Searching scheme

Diagonal state

Horizontal
— 1 Or .
acle coin toss
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Searching scheme

Diagonal state
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Searching scheme

Diagonal state

Horizontal L Horizontal
— . .
racle coin toss shift

DDOD
ODD
OOD
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Searching scheme

Diagonal state
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Searching scheme

Diagonal state

R Ty
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Searching scheme

Diagonal state

—>’ One step of the DTQW on the grid
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Searching scheme

Diagonal state Repeat T times

|
|
|
—>’ One step of the DTQW on the grid 3
|

-/
NG
B/
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Searching scheme

Measure

—>’ One step of the DTQW on the grid }7 /71

-/
NG
B/
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Searching scheme

Measure

X, Y
—>’ One step of the DTQW on the grid }7 /71 *g Y

-/
NG
B/

Mathieu Roget Quantum walk search: from grids to networks 16 / 38



Searching example

Diagonal state Repeat T times : Measure
L e , X, )
: 1 Oracle j’ One step of the DTQW on the grid } % /71
L o o o o o o e e e e e e e =
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Complexity

For a VN x VN grid,

Method from Portugal, 2018, Springer (Book)

Mathieu Roget Quantum walk search: from grids to networks 18 / 38



Complexity

For a VN x VN grid,

® Signal : p(t) ~ pssin?(At)

Method from Portugal, 2018, Springer (Book)

Mathieu Roget Quantum walk search: from grids to networks 18 / 38



Complexity
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e Hitting time : topr = 55

~

vaNIn N
4
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Complexity

For a VN x VN grid,

® Signal : p(t) ~ pssin?(At)
e Hitting time : topr = 55

~

vaNIn N
4

® Probability of success : ps ~ ﬁ

Method from Portugal, 2018, Springer (Book)
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Complexity
For a VN x VN grid,

® Signal : p(t) ~ pssin?(At)
e Hitting time : topr = 55

vaNIn N
4

® Probability of success : ps ~ ﬁ

~

Complexity

After repeating a logarithmic number of times, the algorithm succeeds with probability
1 — € and has a complexity of

0 (\/N %2 N In1 /e)

Method from Portugal, 2018, Springer (Book)
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Complexity
For a VN x VN grid,

® Signal : p(t) ~ pssin?(At)
e Hitting time : topr = 55

vaNIn N
4

~

® Probability of success : ps ~ ﬁ

Complexity

After repeating a logarithmic number of times, the algorithm succeeds with probability
1 — € and has a complexity of

0 (m %2 N lnl/e) c  O(N).

classical algorithm

Method from Portugal, 2018, Springer (Book)
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Complexity
For a VN x VN grid,

® Signal : p(t) ~ pssin?(At)
e Hitting time : topr = 55

vaNIn N
4

® Probability of success : ps ~ ﬁ

~

Complexity

After repeating a logarithmic number of times, the algorithm succeeds with probability
1 — € and has a complexity of

OWN) C o(m1n3/2N1n1/e) c  O(N).

Grover algorithm classical algorithm

Method from Portugal, 2018, Springer (Book)
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Searching two positions

An instance is composed of two marked position mg and my; on a VN x v/ N grid. The
goal is to measure one of them.
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Searching two positions

An instance is composed of two marked position mg and my; on a VN x v/ N grid. The
goal is to measure one of them.

Theorem (MR, Kadri, Di Molfetta, 2023, PRR)

The complexity for instances of two marked positions is O(v/N1In® N1n 1/€) except for at

most O (\/ N In N) instances.
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There exist an optimal instance (MR, Kadri, Di Molfetta, 2023, PRR)

The complexity of searching the two elements mg = (0,0) and m; = (0,2) on a

VN x VN is
0] (\/Nln?’/lenl/e).
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VN x VN is
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There exist a suboptimal instance (MR, Kadri, Di Molfetta, 2023, PRR)

The complexity of searching the two elements mg = (0,0) and m; = (1,1) on a

VN x v/N is
O(NInNlnl/e).
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There exist an optimal instance (MR, Kadri, Di Molfetta, 2023, PRR)

The complexity of searching the two elements mg = (0,0) and m; = (0,2) on a

VN x VN is
0] (\/Nln3/2Nln1/e).

There exist a suboptimal instance (MR, Kadri, Di Molfetta, 2023, PRR)

The complexity of searching the two elements mg = (0,0) and m; = (1,1) on a

VN x VN is
O(NInNlnl/e).
Worst case complexity:
O(NInNlInl/e).
Average complexity:
0] (\/Nloga NlIn 1/6) .
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Example for a 128 x 128 grid
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Suboptimal instance:
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Example for a 128 x 128 grid

Optimal instance:

0.05+
]
$ 0.04
¥
1Y)
5
("]
‘6 0.03 —— optimal
2 —— suboptimal
3 . .
50.02 Suboptimal instance:
: "
s
0.014
0.00+
T T T T T T
o 200 400 600 800 1000
time
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Quantum walk on graphs
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Quantum walk on graphs

On the edges of a graph.
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Quantum walk on graphs

Require a polarity on the edges !
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Operations

Initial state
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Operations

Initial state

— 1 Coin toss
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Operations

Initial state

—>’ Coin toss H Shift ‘
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Operations

Repeat T times

Q%;&O —>’ Coin toss H Shift ‘ i

Initial state
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Operations

Initial state Measure

i
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Operations

Measure

/7l—>(u,v)€E

Initial state

i
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Searching on the grid

Repeat T times Measure

Diagonal state

|
|
|
Oracle One step of the. DTQW | (X Y)
| on the grid ! )
|
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Searching on the graph

Diagonal state Repeat T times Measure

|

|

Oracle One step of the DTQW :
] on the graph | ((U, V) € E)

|
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Searching on the graph

Measure

/7Q . ((u,v) € E)

Diagonal state Repeat T times

Oracle One step of the DTQW
—
on the graph

RENELS

The position measured are edges. For searching nodes, we can use the following
transformation:
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Complexities

2D-Grid ‘ Hypercube ‘ Complete Graph ‘ Scale-Free Graph

o ()| o(H) | o() | o

MR, 2024, PYPI (Python package)
MR, Di Molfetta, 2024, ASCAT
MR, Di Molfetta, 2025, Preprint
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Complexities

2D-Grid ‘ Hypercube ‘ Complete Graph ‘ Scale-Free Graph

o ()| o(H) | o() | o

Better than the classical Deep First Search which is in O(M) !

Implementation of a Python package in rust to obtain the numerical results.

MR, 2024, PYPI (Python package)
MR, Di Molfetta, 2024, ASCAT
MR, Di Molfetta, 2025, Preprint
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We replace each coordinates by a qubit and work on the unary subspace.

Z,.x [100000) + z,f, 1010000} +  z;,]001000)  +

z},1000100) +  z;,]000010) +  z},,1000001)
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Centralized computing (Binary)

Distributed computing (Unary)

|00)

01)

[10)

11)

20

7]

22

Z3

Mathieu Roget
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Central idea

We replace each coordinates by a qubit and work on the unary subspace.

Centralized computing (Binary)

Distributed computing (Unary)

|00)

01)

[10)

11)

20

7]

22

Z3

Mathieu Roget

c=<

Coo
Cio

Cot
Ci

)
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Central idea

We replace each coordinates by a qubit and work on the unary subspace.

Centralized computing (Binary)

Distributed computing (Unary)

|00)

01)

[10)

11)

20

7]

22

Z3

Mathieu Roget

c=<

Apply P, around node u

Coo
Cio

Cot
Ci

)

Quantum walk search: from grids to networks

10001) | [0010) | |0100) | |1000)
) 7 22 z3 0
1 0 0 0
o 0 GCowo GCo1 O
MO=10 co cn o0
0 0 0 1

Apply P, on the unary subspace around node
u and identity everywhere else.
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Rules

Rule 1 (local operation): We can apply any 2 x 2 unitary on a qubit.
Rule 2 (communication): We can apply any 4 x 4 unitary on two connected qubits.

Rule 3 (connectivity): We cannot apply unitary on non-connected qubits.

Goal

Minimize the number of communications (i.e. two-qubits gates).

The coin toss uses 1 two-qubits gate
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Shift with all-to-all connectivity

Communication cost Edges around u Node u*
|0001) | 0010) | |0100) | |1000) [00) | Jo1) | [10) | |11)
State - ) = 3 0 0 0 0
Edge/node: O(In d)? Send unary state on edges as binary to u
|0001) | |0010) | |0100) | |1000) [00) | [o1) | [10) | |11)
State 0 0 0 0 20 | 21 | 22 | z

! Add one qubit to make it normalized

2d = deg(u)
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Shift with all-to-all connectivity

Communication cost Edges around u Node u*
State Iﬂgfoll) |0f20> \012(2)0> |1220> IO(()J) |001> |1((])) |101>
Edge/node: O(In d)? Send unary state on edges as binary to u

State |00[;11) |00010> \01(?0> |10(?0> |gf01) |(2> |1Z(2)) |122>
Node: O(dInd + C(P,)) Do nothing Apply P,

! Add one qubit to make it normalized

2d = deg(u)
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Edge/node: O(In d)

! Add one qubit to make it normalized

2d = deg(u)

Mathieu Roget
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Shift with all-to-all connectivity

Communication cost Edges around u Node u*
State |0001) | |0010) | [0100) | |1000) [00) | [01) | [10) | [11)
20 1 22 z3 0 0 0 0
Edge/node: O(In d)? Send unary state on edges as binary to u
State |00[;]1) |00010> \01(;)0) |10(§)0> [00) | |o1) | [10) | |11)
20 z1 z9 z3
Node: O(dInd + C(P,)) Do nothing Apply P,
State |0001) | |0010) | [0100) | |1000) 100) | jo1) | [10) | [11)
0 0 0 0 Z z; 2z, z3
Edge/node: O(Ind) Send binary state on u as unary on the edges
State 0001) | [0010) | [0100) | [1000) [00) | |01) | [10) | |11)
2z, z] 2z, z5 0 0 0 0

! Add one qubit to make it normalized

2d = deg(u)
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unitary in O(d?) steps.

Mathieu Roget
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Shift with cyclic connectivity

(MR, Di Molfetta, 2025, Preprint)

A DTQW on the cycle with well-chosen space-time dependent coins can realize any d x d
unitary in O(d?) steps.

O(d?) steps of a

= Unitary P,
DTQW on a cycle ntary Fu
Single particle
Quantum  Cellular = Unitary A(Py)
Automata
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Shift with cyclic connectivity

ak: "Stay in place” coin
state.

bx: "Counter-clockwise”
coin state.

ck: Ancillaries.

O(d?) steps =  O(d?) node
communications.

O(d) edge/node communications.

Mathieu Roget Quantum walk search:
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Communication cost for one step

all-to-all cyclic
Node register O (logd) qubits O (d) qubits

Edge communications O (1) O (1)

Node communications O(dInd +C(Py)) O (d?)

Edge/node communications O (Ind) O (d)
MR, Di Molfetta, 2024, ASCAT
MR, Di Molfetta, 2025, Preprint
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Conclusion and perspectives

Searching two elements on grids Searching on graphs

Takeaway message: Quantum advantage only in Takeaway message: A new model of DTQW on
average. the edges of a graph with good searching
® Figure out a way to avoid losing the quantum BEESE
advantage (by changing the model, the coin). ® Get more analytical results about searching.
® Check if other lattices show the same ® Find algorithmic applications linked to the
property (3d grid, hypercube, ...). polarity.

Distributed implementation

Takeaway message: We provided a distributed scheme to reproduce a DTQW on a graph using a
network of qubits following the same graph.

® Use the network of qubits for more general computation (a QCA-like extension of DTQW).

® Seek distributed quantum computing applications®

?Collaboration JSPS Summer 2024 with Francois Le Gall
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Other models of QW on graphs

Arc-Reversal Walk

Position: on the nodes
Rx (I C)
where R is the flip-flop operator and C

Evolution operator :

the coin.

The coin depends of the degree !

Szegedy's Walk

Position: on the nodes

Evolution operator :

classical Markov chain.

No coin in this model !

Link between the models for the complete graph

Our model

X coin

Grover operator
diffusion.

for

Arc-Reversal Walk
Grover coin.

Mathieu Roget

Quantum walk search: from grids to networks

Szegedy’s Walk

Markov chain V(u, v),
1

Pu—>v= V1"

(211 — 1)(2ML4 - 1)

where 114 and IIg are computed from a




Oracle construction

Basic quantum oracle O¢

=,
1

€)

Oracle for the quantum walk

0)=[1)

|x) where x € {0,1,...,N—1}
@ F00) and c € {0,1}.

V2

position

coin

Mathieu Roget
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Example for a 32 x 32 grid

probability of success

Optimal instance:

B

—— optimal

—— suboptimal
0.081 — gpecial
0.06+ Suboptimal instance:
0.04-
0.02- o

Special instance:

0.00-

T T T T T

0 50 100 150 200

time

Mathieu Roget

Quantum walk search: from grids to networks 3/3



